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============

Nowadays, well-posedness has been drawing great attention in the field of optimization problems and related problems such as variational inequalities, hemivariational inequalities, fixed point problems, equilibrium problems, and inclusion problems (see \[[@CR1], [@CR5], [@CR9], [@CR11], [@CR17], [@CR19], [@CR21], [@CR23], [@CR33]\]). The classical concept of well-posedness for a global minimization problem was first introduced by Tikhonov \[[@CR35]\], which required the existence and uniqueness of a solution to the global minimization problem and the convergence of every minimizing sequence toward the unique solution. Thereafter, the concept of well-posedness has been generalized to variational inequalities. The initial notion of well-posedness for variational inequality is due to Lucchetti and Patrone \[[@CR28]\]. Fang \[[@CR13], [@CR14]\] generalized two kinds of well-posedness for a mixed variational inequality problem in a Banach space. For further results on the well-posedness of variational inequalities, we refer to \[[@CR2], [@CR4], [@CR12]--[@CR14], [@CR16], [@CR22], [@CR27], [@CR28]\] and the references therein.

As an important and useful generalization of variational inequality, hemivariational inequality, which was first studied by Panagiotopoulos \[[@CR32]\], has a great development in recent years by several works \[[@CR6], [@CR29], [@CR31]\]. Many authors are interested in generalizing the concept of well-posedness to hemivariational inequalities. In 1995, Goeleven and Mentagui \[[@CR15]\] generalized the concept of the well-posedness to a hemivariational inequality and presented some basic results concerning the well-posed hemivariational inequality. Recently, using the concept of approximating sequence, Xiao et al. \[[@CR37], [@CR38]\] introduced a concept of well-posedness for a hemivariational inequality and a variational-hemivariational inequality. Ceng, Lur, and Wen \[[@CR3]\] considered an extension of well-posedness for a minimization problem to a class of generalized variational-hemivariational inequalities with perturbations in reflexive Banach spaces. For more recent works on the well-posedness for variational-hemivariational inequalities, we refer to \[[@CR3], [@CR15], [@CR18], [@CR19], [@CR26], [@CR37], [@CR38]\] and the references therein.

In the last years, many authors studied the existence results for some types of hemivariational inequalities involving set-valued operators \[[@CR34], [@CR36], [@CR39]\]. In 2011, Zhang and He \[[@CR39]\] studied a kind of hemivariational inequalities of Hartman--Stampacchia type by introducing the concept of stable quasimonotonicity. They supposed that the constraint set is a bounded (or unbounded), closed, and convex subset in a reflexive Banach space. The authors gave sufficient conditions for the existence and boundedness of solutions. In 2013, Tang and Huang \[[@CR34]\] generalized the result of \[[@CR39]\] by introducing the concept of stable *ϕ*-quasimonotonicity and obtained some existence theorems when the constrained set is nonempty, bounded (or unbounded), closed, and convex in a reflexive Banach space. Hereafter, Wangkeeree and Preechasilp \[[@CR36]\] generalized the results of \[[@CR34]\] and \[[@CR39]\] by introducing the concept of stable *f*-quasimonotonicity. Very recently, Liu and Zeng obtained some existence results for a class of hemivariational inequalities involving the stable $\documentclass[12pt]{minimal}
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Inspired by previous works, we study the well-posedness for GVHVI, which generalizes many known works. Under relatively weak conditions, we establish some equivalence results and some metric characterizations for the strong and weak *α*-well-posed GVHVI in the generalized sense. In particular, we present equivalence results on weak *α*-well-posedness for GVHVI, which were considered by few authors.

This paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we recall some basic preliminaries of single-valued and set-valued mappings, metric concepts, Clarke's generalized directional derivative, and some classes of well-posedness for GVHVI. In Sect. [3](#Sec3){ref-type="sec"}, we show some equivalence results for the well-posedness for GVHVI and some corresponding metric characterizations. Theorems [3.3](#FPar15){ref-type="sec"}, [3.5](#FPar18){ref-type="sec"}, and [3.6](#FPar20){ref-type="sec"} are the main results in this section. In the last section, we also present the well-posedness for a class of generalized mixed equilibrium problems.
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Lemma 2.6 {#FPar6}
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We end this section with the notions of several classes of *α*-approximating sequences and *α*-well-posedness for GVHVI. Let $\documentclass[12pt]{minimal}
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Definition 2.7 {#FPar7}
--------------

A sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{u_{n}\}$\end{document}$ in *K* is an *α*-approximating sequence for GVHVI if there exist $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{u^{*}_{n}\}$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$X^{*}$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u^{*}_{n}\in F(u _{n})$\end{document}$ and a nonnegative sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\epsilon_{n}\}$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\epsilon _{n}\rightarrow 0$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\rightarrow \infty $\end{document}$ such that, for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\in N$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\langle u_{n}^{*}+ Tu_{n}-f,v-u_{n} \bigr\rangle +g(u_{n},v)+J^{\circ }(u _{n};v-u_{n}) \geq -\epsilon_{n}\alpha (v-u_{n}),\quad \forall v\in K. \end{aligned}$$ \end{document}$$ In particular, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha (\cdot) = \|\cdot \|_{X}$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{u_{n}\}$\end{document}$ is said to be an approximating sequence for GVHVI.

Definition 2.8 {#FPar8}
--------------

GVHVI is said to be strongly (respectively, weakly) *α*-well-posed if it has a unique solution *u* and every *α*-approximating sequence $\documentclass[12pt]{minimal}
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Definition 2.9 {#FPar9}
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GVHVI is said to be strongly (respectively, weakly) *α*-well-posed in the generalized sense if the solution set Γ of GVHVI is nonempty and every *α*-approximating sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{u_{n}\}$\end{document}$ has a subsequence that strongly (respectively, weakly) converges to some point of Γ. In particular, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha (\cdot) = \|\cdot \|_{X}$\end{document}$, then GVHVI is said to be strongly (respectively, weakly) well-posed in the generalized sense.

Remark 2.10 {#FPar10}
-----------

Strong *α*-well-posedness (in the generalized sense) implies weak *α*-well-posedness (in the generalized sense), but the converse is not true in general.

The characterizations of well-posedness for GVHVI {#Sec3}
=================================================

In this section, we establish metric characterizations and derive some conditions under which GVHVI is strongly (weakly) *α*-well-posed.
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Lemma 3.1 {#FPar11}
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Lemma 3.2 {#FPar13}
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The following result is a consequence of Lemmas [3.1](#FPar11){ref-type="sec"} and [3.2](#FPar13){ref-type="sec"}.

Theorem 3.3 {#FPar15}
-----------
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Theorem 3.4 {#FPar16}
-----------
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Proof {#FPar17}
-----

The proof is similar to that of Theorem 4.3 in \[[@CR26]\] by the assumptions of *g*. □

Theorem 3.5 {#FPar18}
-----------
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Theorem 3.6 {#FPar20}
-----------
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Proof {#FPar21}
-----
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Remark 3.7 {#FPar22}
----------

In the theorem, condition (v) can be found in \[[@CR30]\], and the condition that there exists $\documentclass[12pt]{minimal}
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Next, we give some equivalence results for the strong *α*-posedness in the generalized sense.

Theorem 3.8 {#FPar23}
-----------

*Assume that all the assumptions of Theorem* [3.5](#FPar18){ref-type="sec"} *are satisfied*. *Then GVHVI is strongly* *α*-*well*-*posed in the generalized sense if and only if* Γ *is nonempty compact and* $$\documentclass[12pt]{minimal}
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Proof {#FPar24}
-----

The proof is similar to that of Theorem 5.1 in \[[@CR26]\] by the assumptions of *g*. □

Theorem 3.9 {#FPar25}
-----------

*Assume that all the assumptions of Theorem* [3.5](#FPar18){ref-type="sec"} *are satisfied*. *Then GVHVI is strongly* *α*-*well*-*posed in the generalized sense if and only if* $$\documentclass[12pt]{minimal}
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Proof {#FPar26}
-----

The proof is similar to that of Theorem 3.2 in \[[@CR3]\] by the assumptions of *g*. □

Theorem 3.10 {#FPar27}
------------

*Assume that all the assumptions of Theorem* [3.6](#FPar20){ref-type="sec"} *are satisfied*. *Then GVHVI is weakly* *α*-*well*-*posed in the generalized sense if and only if there exists* $\documentclass[12pt]{minimal}
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Proof {#FPar28}
-----

The proof is similar to that of Theorem [3.6](#FPar20){ref-type="sec"} by the assumptions of *g*. □

Well-posedness for GMEP {#Sec4}
=======================

In this section, we consider the following generalized mixed equilibrium problem (GMEP):
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To study GMEP, we introduce the concept of *η*-monotonicity (see \[[@CR7], [@CR8]\]).

Definition 4.1 {#FPar29}
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Remark 4.2 {#FPar30}
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We can obtain similar results.

Theorem 4.3 {#FPar31}
-----------
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Theorem 4.4 {#FPar32}
-----------
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Theorem 4.5 {#FPar33}
-----------
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Theorem 4.6 {#FPar34}
-----------
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Theorem 4.7 {#FPar35}
-----------

*Assume that all the assumptions of Theorem* [3.6](#FPar20){ref-type="sec"} *are satisfied and*, *in addition*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta:K\times K\rightarrow X$\end{document}$ *is continuous on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$K\times K$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta (u,u)=0$\end{document}$ *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in K$\end{document}$ *and affine with respect to the first variable*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h:K\times K\rightarrow R$\end{document}$ *be such that*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(u,u)=0$\end{document}$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in X$\end{document}$,(ii)*for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v\in K$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(\cdot,v)$\end{document}$ *is weakly u*.*s*.*c*.,(iii)*for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\in K$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$h(u,\cdot)$\end{document}$ *is convex*. *Then GMEP is weakly* *α*-*well*-*posed in the generalized sense if and only if there exists* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\epsilon_{0}>0$\end{document}$ *such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Omega_{\alpha }( \epsilon_{0})$\end{document}$ *is nonempty and bounded*.

Conclusion {#Sec5}
==========

In this paper, inspired by the previous works, we study the well-posedness for GVHVI. Under relatively weak conditions for the data *F*, *T*, *g*, *J* (see Theorems [3.3](#FPar15){ref-type="sec"} and [3.6](#FPar20){ref-type="sec"}), we provide some equivalence results for the strong and weak *α*-well-posed GVHVI in the generalized sense. Our results generalize and improve many known results and can be applied to many other problems.
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